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In [ 1 ] it was shown that there is no projective plane of order 12 which 
possesses a collineation group of order 12 consisting of elations with a fixed 
point as a center and a fixed line as its axis. 
We prove 
THEOREM A. There is no projective plane of order 12 which possesses a
collineation group of order 4 consisting of elations with a fixed point as a 
center and a fixed line as its axis. 
Proof Let P be a projective plane of order 12 with a collineation 
group G of order 4 consisting of elations with a fixed point 0 as a center and 
a fixed line o as its axis. We have 0 E o and we may set 
o= io, m,, 032r..., a,*}. 
For the other 12 lines through 0 we may set 
PI= (05 (lO)j, (lI)jY (12)j/j=O3 l3 253\ 
P2= (0, (2fJ)j, (21)jF (22)j/j=O3 192331 
pl2= (03 (12f))jP (121)j, (122)j/j=O, 13 29 3}, 
where the 36 “big numbers” l,, l,, l,, 2,, 2,, 2, ,..., 12,, 12,, 12, represent 
the 36 nontrivial G-orbits of points. The “outer” indices j = 0, 1, 2, 3 are 
considered as integers mod 4. We shall also write ijk for (ij)k. 
If G = @) is cyclic, then the action of G can be given by (i,)” = i,, , for 
all big numbers i and all indices x = 0, 1, 2, 3. 
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If G = (r,, rz) is a four group, then r, , r2 fix all big numbers and act on 
(outer) indices as 
r, = (0, 1)(2,3), r2 = (0, 2)(L 3). 
In what follows we write only one line 1 from each G-orbit of lines and the 
points on 1 we indicate only by their big numbers (omitting the outer 
indices). 
We see that if 1 is a line through coi and k is a line through coj i #j, then 
we have 11 f7 k( = 4. The 36 bi numbers are distributed in 12 “systems” ( lo, 
l,, I*},..., { 12,, 12,, 12,} and if A and B are two big numbers from different 
systems, then there are exactly 4 lines through A and B. 
For the three “lines” through co, we may set 
1, = 1" z. 3. co 5. Eio 7. B. go ICI0 llc 12 0 
l2 = 1, 2, 31 4, 5, 6, 7, aI' g1 lOI 11, 12? 
l3 = I2 z2 32 42 52 Ei2 72 8* g2 IO2 II2 '22, 
where we are omitting braces and commas. 
For the next line Z4 through co2 we may set 
14 = oo2 lo 
20 30 4. s1 61 71 @I 
g2 Ii?? 
"2 I22 
and then for 1, and 1, we get three essentially different possibilities. 
l5 = m2 I2 22 32 42 kio 6. 7. a0 9, IO, 11, 12, 
l6 = to2 1, 2, 3, 4, 52 62 72 a2 go IO0 II0 12o 
Case ( p 1 
l5 = m2 1, 22 32 42 kio fro 7. a2 go IO, ?I, 12, 
l6 = 00 2 I2 2, 3, 4, 52 62 72 a0 9, IO0 II0 12o 
l5 = co2 1, 2, 3* 42 5. Ijo 72 a2 go IO0 11, 12, 
45 = 03 2 I2 22 3, 4, Fi2 62 7. B. 9, IO, II0 12,,. 
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Continuing three more lines through co3 by hand, we get 90 possibilities. 
Then there is a long computer way to show that in Cases @) and (y) we do 
not get all 36 lines and in Case (a) we get (up to equivalence) the following 
unique list of 36 lines which gives us the G-orbits structure of our plane P. 
1, = lo z. 3. 4. 5. 6. 7* a0 go IrIo 11 0 12 0 031 
12 = 1, 2, 3q 4, 5, 6? 71 El 9? IO1 11, lZl Ml 
13 = 12 22 32 42 52 6* 72 a2 g2 102 II2 122 a1 
14 = lo z. 3. 4. 5, 6, 71 81 9* IO2 II2 12 2 032 
15 = I, 2? 3? 4, 52 62 72 82 go IO0 1ln lzo 002 
16 = '2 z2 32 42 5111 60 7n 80 91 I01 II' 12, m7 
l7 = lo 2. 3. 4? 5" 62 7* i3* 9, In, II' 1z2 m3 
lg = I1 2, 3, 42 5, 6. 7. e. 92 102 II? l2o co3 
lg = I2 22 32 4. 52 6, 71 8' go IO0 II0 12' co3 
l,o= lo z. 3, 42 52 6, 72 a0 g1 IO2 'lo '21 034 
11,' '1 2, 3* 4" 50 62 70 fi' 92 '00 II, 12 2 004 
l12' '2 22 3. 41 5l 6. 71 62 go '"I '12 '20 m4 
l13= lo 21 3. 42 52 % 7O 81 PO IO, II2 12 1 -5 
1 
14= 
'I 2l 31 4. 5. 6. 7l a2 g1 IO2 II0 122 oa5 
l15' '2 2. 32 41 5l 61 7? 8o g2 I00 II, 12o co5 
l16" '0 21 .32 4. 51 6. 72 a2 9, IO0 II* 12? rn6 
1,7= '1 22 3" 41 52 6, 7. Bo g2 IO1 II0 l22 co6 
118' '2 20 31 42 50 62 71 El go IO2 II, lzo oo6 
l19' '0 22 3l 4. 52 6. 72 81 g2 I01 11, 12" oo7 
lzo= '1 20 32 4l 5. 61 7. e2 go IO2 II* 121 oo7 
12,' 12 2, 3. 42 5, 62 71 ho gl IO0 II0 l22 m7 
122= '0 2l 32 42 5. 61 7, 82 92 I01 Ilo lzo a8 
'23' '1 22 3O 40 51 62 72 8o go I02 II1 12, ma 
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1 24= I2 20 3, 4, 52 6. 70 8, 9, IO0 II2 122 COB 
125= lo z2 3, 4, 5. 62 7q a0 g2 IO0 II2 12, cog 
lZ6' 1, z. 32 42 5, fro 7* a1 go IO1 II0 1z2 mg  
%7= '2 21 3. 4. 52 61 7n % g1 IO2 11, 12o cog 
128= IO 2, 32 4, 52 6O 7, a0 go 102 11, 1z2 0310 
12g= I1 z2 3. 4* kio 6, 72 8, g1 IO0 II2 12o -10 
130= I2 Z. 3, 4O 5, 62 7. a2 g2 IO1 II0 I21 "IO 
l31= '0 22 32 41 51 3 7. 6, 9, '02 '10 I20 -11 
132= 1, 2. 3. 42 52 6. 7, B2 g2 IO0 11, 12, Qoll 
133= I2 2q 3, 4O kiO 6? 72 a0 go IO, II2 1z2 ml1 
1 
34= 
lo 22 3, 42 5, 61 7. E2 go IO0 II1 122 0012 
135= 1, 2. 32 4O 52 62 7, a0 g1 IO1 112 :20 0012 
136= I2 2, 3O 4? Fin 6" 72 eq g2 102 II0 121 0012. 
Actually, omitting the points coi we have obtained an interesting geometry 
with the following properties. There are 36 points and 36 lines. On each line 
there are 12 points. Any two lines are either parallel or intersect in exactly 4 
points. Any two points either are not connected or are connected with 
exactly 4 lines. The 36 lines are distributed in 12 parallel classes with three 
lines in each class. The 36 points are distributed into 12 systems with exactly 
3 points in each system. (In a system any two points are not connected.) 
To complete te proof of our theorem we have to supply the big numbers in 
those 36 lines I,, I, ,..., I,..., k ,..., fj6 with (outer) indices j E (0, 1, 2. 3 } so that 
1 In k” 1 = 1 for any < E G whenever I and k contain distinct cc i. 
The case G = @) is cyclic. 
Using the permutations of, x = 0, 1, 2, 3, where pi = (i,, i, , i,, i3) for all 
big numbers i, we may assume that 1 I ? I,, I, are supplied with index 0 at 
every big number: 
1, = ‘no *oo 3oll 4oo 5oo 6oo 7oo 8oo goo ‘Ooo “00 I200 O"l 
l* = 'IO *lo 310 410 510 610 710 81o glo I010 “IO I210 CQI 
l3 = '20 *20 320 420 520 620 720 620 g20 I020 "20 I220 -1. 
Note that pi centralizes p for all i. 
582al32’3 ti 
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To obtain a contradiction, it will be enough to supply only the lines I,. 
1 2,..., 1, with indices. Therefore we can use all symmetries in the list of nine 
lines {1,, 12 ,..., 19} to limit the number of possibilities. 
Define the permutations 
p’= (l,,, I,,, 112, 1,3)(2,,, 2,L, 2123 2,,) *** (12,,3 l&,3 l&*7 12,,), 
@‘=(I,,, I,,, I,,, 1,,)(2,,, 2,,? 2,,, &,I ..* (12*,9 l&,3 l&,3 12,,), 
which keep the list of 12 lines (1 ‘I’, lf , $1 i = 0, 1, 2, 3 } fixed and centralize 
P* 
Also note that in our partial list {lr,..., 19} of nine lines we may arbitrarily 
permute (i,j,k}, where {i,j,k) is any of {I,, 2,, 3,), {I,, 2,, 3,), {12, %, 
32), I$,, 7,, 8,), {6,, 71, 8,), {6,, 719 8,L 1% lo,, lL,L (9,, lo,, 11th 
ad (92, lo,, 11,). 
Using @) we may choose 4,, on 1, and then using @‘) and @“) we may 
choose 5 E 1, ,,, and 12,, E 1,. Replacing 1, with lf and replacing 1, with lP,‘, 
we may choose 4,, E 1, and 4,, E 1,. 
Also, using the above symmetries we may finally set 
where x, y, z, u are integers mod 4 and we have, of course, also used the 
compatibility of the lines l,, 1,) 1, with each of lf, l’f, l;“, i, j, 
kE {O, 1,2,3). 
We can choose 12,, E 1,) 12,, E 1,, 12,, E 1,) and the other indices are 
arbitrary 
'7= 10a,20a230a341b,50a~6Z~, 7Zc282c3g1b2 101b3111b41220 O"3 
lg= Ile 2 
1 le2 
%e3 42f,51e460d,70d280d3g2f2'oZf3"2f4'200 033 
lg= lZi 
,22i232i340g,52i461h,71h2alh3gOg2'o0.g3"Og4 I210 033 
The compatibility of I,, I,, 1, with lf , If, 1;“) i, j, k E (0, 1, 2, 3)) at once 
gives 
{q,a,,a,,a,)= (0, L&3), 
{b,, b,, b,, b4) = 10, 1,X 3), 
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{c,,c2,cj}={L2,3}, 
{4,4,4)= (L&3}, 
{e,,ezle3,e4}= (0, L&3}, 
u-~J~,~,JA= lo, 1,2,31, 
k,,g29g3~g,~ = (0, ~2-31, 
{h,>h,,h,}=(192,3), 
{i,,i,,i,,i,}={O,1,2,3}. 
The compatibility of I,, I,, I, with I:‘, I?, 1:” gives 9 similar conditions. For 
example, the compatibility of 1, with $ at once gives 
{b,,c, -x- 1, c2 -x-2, c3 -x-3} = (0, 1,2,3), 
where on the left-hand side we have the four differences of (outer) indices at 
equaf four big numbers which appear in both I, and 1,. 
Since the sum of integers which appear on the right-hand side of each of 
our 18 conditions is ~2 (mod 4), we obtain by adding up from our 
conditions exactly 18 linear equalities (mod 4) 
a, + a, + a3 + a, = 2 (mod 41, 
b,+(c,-x-l)+(c,-x-2)+(c,-x-3)=2 (mod 41, 
This system of 18 linear equations in our 37 variables i, y, z, U, a,, a, ,..., 
i, (integers mod 4), however, is not consistent because it gives 2 = 0 (mod 4), 
a contradiction. 
The case G = (r,, r2) is a four group. 
This case is extremely diffkult so that we have to completely change our 
strategy. In this case we supply all big numbers at all lines 1,) I, ,..., I,, with 
(outer) indices 0, 1 (integers mod 2) so that (I, n I,[ = 2 for any two lines I, 
through co, and I, through co*, where r # s. 
When this is done, then by r, l-adding (mod 2) to all outer indices we 
produce the 72 “lines” of a “semibiplane”. By further supplying those 72 
lines with indices 0, 1 we can turn (lift up) this semibiplane into a projective 
plane of order 12. 
The first step, however, leads to a contradiction: As before we may supply 
I,, I,, 1, only with index 0 and get 
384 JANKO AND VAN TRUNG 
. 
l1= '00 2oo 3oo 4oo 5oo 6oo 7oo Boo goo 'Ooo "00 IZoo WI 
12= IlO 210 310 410 510 610 7,0 81o glo lOI0 "IO I210 WI 
l3= '20 220 320 420 520 %o 720 82o g20 I020 "70 I220 031 
Then for any further line Ii we can replace li with lf , x E G, if necessary, 
to supply the first point (on the left) with index 0. All other indices are 
arbitrary integers (variables) mod 2 
l4 = 1 
'5 = 'IO 2lb,3lb24lb352b4F2b572b~~Zb7gOb~1oOb~'1Ob~~12Ob,, m2 
l6 = '20 *2c,32c242c350cq 
8 3 
6oc5'oc6 oc, lcg 
lo,c llqc liTlc 
9 10 11 032 
'7 = 'Oil 20d,30d24 ld350d46Zd572d682d7gld~'old~"ld,o'2Zd,, 033 
. 
: 
and so we have above “only” 363 unknowns a,, a,,..., which are integers 
mod 2. However, / li n riI = 2 for any i = 4, 5,6, 7 ,..., and j = 1, 2, 3 gives the 
conditions 
(0, a,. a,,~,} = (O,O, 1, 1) (in any order!), 
(u4,a,,a,,~,}= {O~O,l, 113 
{a,,a,,a,,,a,,}= (0,O.l. 113 
I = (0,O. 1, 11, 
= (0, 0, 1, 11, 
= (O,O, l,l}, 
= (O,O, 1, 11, 
= {O.O, 1, 11, 
= (O,O, 1, 1 I, 
= (O,O, 1. 11, 
= (O,O, 1, 11, 
= (O,O, 1, 11. 
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Adding up on both sides in those conditions we get the equalities (mod 2) 
a, + a, + a3 se 0 
a4 + a, + a, + u, = 0 
(mod 21, 
(mod 21, 
Actually, we see that, e.g., the condition 
kh*a,,Q,,,a,,J= (O,O, 1, l] (*I 
is satisfied if and only if the following two equalities hold: 
a,+a,+a,,+a,,=O (mod 2h (**I 
as + a, + a,a, + tzlOUll = 1 (mod 21, (***I 
and so we could get from any condition a linear and a quadratic equality 
(mod 2) in our unknowns. 
But our linear equalities are enough to eliminate so many variables that 
the computer can decide that all quadratic equalities cannot be satisfied. 
Namely, we can compare any two Ii and Zj (which lie in different “parallel 
classes”) and obtain a linear equality each time. 
For example, if we compare I, and I, we get the condition 
P,a, +d,, a, +d,, a4 +d,] = {O,O, 1, 1) 
which gives the equalities 
and 
(a, + d,) + (a2 + d2) + (a, + d4) = 0 (mod 2) 
(a, + d,) + (a, + d&z, + dJ = 1 
The proof of Theorem A is complete. 
(mod 2). 
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